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Nonlinear effects in emission and absorption spectra of gaseous systems are considered. It is shown 
that level splitting can be detected spectroscopically even if it is below the Doppler width. Conditions 
for distinguishing interference effects from those due to nonequilibrium velocity distribution are 
determined. In the case of large Doppler broadening the correction for atomic motion is equivalent 
to the substitution of an "effective immobile atom" for the moving atom ensemble. The spectral 
manifestation of nonlinear effects is analyzed in detail. The influence of nonlinear interference effects 
on the generation characteristics in the presence of external fleld is investigated. 



1. INTRODUCTION 

The changes in the emission and absorption spectra of 
a gas placed in a strong electromagnetic field are the re- 
sult of three effects. One consists of the formation of a 
nonequilibrium velocity distribution (Bennett 'c "holes" 
and "peaks" [^1). This factor significantly influences the 
spectral characteristics of lasers and was studied in detail 
by many authors. The second effect stems from the split- 
ting of atomic levels; it was directly observed in the opti- 
cal portion of the spectrum only very recentlyl^^'^'l in the 
case of potassium atoms placed in the tremendous fields 
of a ruby laser. In gas lasers the fields are weaker, level 
splitting is much smaller than the Doppler line width, and 
the observability of the effect is not a simple matter. For 
example, according to Feld and Javanl"*!, splitting is not 
possible at all in this case. This conclusion however is the 
consequence of an error in their calculations (see discus- 
sion of (3.4) below). Finally, the third effect of a strong 
external field consists in the fact that the probability of 
absorption or emission of photons turns out to depend 
not only on level populations but also on the polariza- 
tion induced by the external field, i.e., on the nonlinear 
interference effect (NIE)[^~^1. This effect is the subject 
of the present paper. 

The interest in NIE is due to several causes. First, 
it is this effect that is responsible for causing the spec- 
tral densities of Einstein coefficients, of absorption or 
emission to be different frequency functions leading to 
characteristic changes in the pure emission or absorption 
lines [7-9]. The NIE contribution should depend signifi- 
cantly oh the relaxation characteristics'^^ , providing new 
opportunities to study collisions. For gas systems with 
large Doppler broadening the theory predicts an angular 
anisotropy of spectral characteristics and a possibility of 
obtaining an extremely sharp structure'^"^'^*^'. Although 
the early experiments with spontaneous''*'-'^^'^^! and stim- 
ulated emission'^^l have so far failed to provide a quanti- 
tative verification of the theory, they have undoubtedly 
established the existence of the anisotropy effect. 

The present work investigates NIE in gaseous systems 
and considers the problem under what conditions the 
plays a major role. It is shown that under certain con- 



ditions the velocity (distribution of atoms In a strong 
field does not change at all while the interference effects 
remain. 



2. GENERAL EXPRESSIONS 



FIG. 1. Term diagram. 

We consider the photon emission of two monochro- 
matic fields interacting with an atom whose term system 
is shown in Fig. 1. One of the two fields is regarded as 
strong and it resonates with the m — n transition, the 
matrix element of interaction (traveling wave) is 

Vmn exp{iLOrnnt} = —Gexp{—i(flt — kr)} . 

G = dmnE/2h, fl = UJ^ - UJrnn- (2.1) 

We are interested in emission or absorption of photons 
of a field resonating with one of the four transitions, nj, 
m — l, fm, and gn (Fig.|l]). For example in the case of nj 

Vnj e-Kp{iLOnjt} = - exp{-i(Sl;j t - k^r)}, 



(2.2) 



The system of equations for the density matrix has the 
form 

= i^Tj exp{-jaj„jt}(p„n - Pjj), 

LjmPjm = -iVj^^Cxp{-iuJmnt}pj„ = 

= -iV*jexp{-iijjnjt}p„m; (2.3) 



: +2Re[iVmn exp{iu)mnt}pn 
-2Re[iVmn eyip{iu)mnt}pn 



^mm pmm 

Lnnpnn — — ^ii,c\LV mn ^xpyiujmni^ \ ^^nm 
^nmPnm — ^^^m ^^^P{ ^^mn^^^Pnn Pmm 

L,k = d/dt + v\7 + r,k, ru = ri, 



(2.4) 
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Tik arc transition widths and qi is the rate of excitation 
of atoms to the state z, v. 



According to ( |2.3| ) and (^) the field Vjn does not af- 
fect the population ("weak field"). Therefore the entire 
system of equations was found to be split up; eqs. (2.4) 
include only pmm, Pnn, and Pnm, and the solution of the 
system serves as a "source" for the computation of pjm, 
Pjn and pj^ from (2.3). In the case of (2.1) and ( |2.2| ) the 
system (2.3) (2.4) reduces to equations whose solution 
has the form 



pnn ■ 



pnm 
Tnm '■ 



7nj 



pnn 1 



27rG2 



1 - 



(rim - n.n)VFfl(t)), 



■ Tnrn Cxp{-j(Qt - kr)} , 

■ iG(pmm — Pnn)/{T + ifi') 



-{"m - nn)W^s(f), 



(2.5) 



where 



Wb(v) = 

r = T'nm 



rfl/7r[r| + {n- kvf], Tb = vVTT^, 

2(rm + r„ — 7mn) 



f2' = f2 — kv, 

■ kfj^V, 38 = T^G^ 



(2.6) 



The quantities ni{v) represent velocity distributions of 
atoms in the absence of a strong field (G = 0) determined 
by excitation processes qi{v). 

The emission (absorption) power is determined by the 
general formula 



-2hL0nj Re{iVnj exp{iuj„jt}pj„,) 



(2.7) 



where the angle brackets des igna te averaged velocities v 
of atoms. Us ing the system ( |2.3| ) we can express p, „ in 
terms of (2.5) and obtain an expression for power (2.7) 
in the form 

[r^m + «(f2/j' + n')](pn„ - pjj) — iGr„ri 

[Tjm + + n')][rj„ + in^'] + g^ 

(2.8) 



Equation (2.8) clearly rcfiects the classification of ef- 
fects due to the external field. The denominator contains 
squares fi^ terms, i.e., it contains resonances at two fre- 
quencies. This can be interpreted as a splitting of the 
atom levels in the external field The numerator in (2.S) 
contains two terms with significantly different properties. 
The first term is proportional to the population differ- 
ence Pnn — Pjj containing Bennett's "holes," as reflected 
in the factor Wb{v) (henceforth called the Bennett dis- 
tribution). The second term proportional to r„„i varies 
only the the shape but not its integral intensity, since 



WnjdQ^ = 2TTflJ^nj\Gf_i\ < pnn - Pjj > 



The fact that this term appeared and its property are 
not at all speci fic t o the special case under consideration. 
According to (2^) the "sources" that "excite" pjm and 
Pjn are both the population difference pnn — Pjj and the 
non-diagonal element pnm stimulated by the strong field 
for any spectral composition of the strong field. There- 



fore Wnj contains pnm also in the general case, and not 
only in a monochromatic field. We can say that this term 



reflects the " coherence" that is contributed to the atomic 
state by the strong field, so that a weak field " mixes" the 
m and j states as well as the n and j elates. The last 
circumstance causes oscillations at the frequency lo + lu^. 
The above properties of the term with r„m allow us to 
call the associated phenomena nonlinear interference ef- 
fects. 

as the difference between the num- 



We can regard (2 



ber of acts of emission and absorption of the hw^ photon. 
All the terms of Wnj except pjj determine emission pro- 
cesses. Conversely terms associated with pjj control the 
weak field energy absorption rate. According to (2.S) 
only the level splitting effect stands out in the absorp- 
tion probability ^^''^'^'^^1. This is due to the fact that ab- 
sorption corresponds to the transition from the unexcited 
level j to excited level n. NIE is due to the reverse tran- 
sition from an excited to unexcited state, i.e., in the case 
when n — j are contained only in the emission. Therefore 
the line shapes oj pure emission and absorption turn out 
to he different due to NIE. The sign of their difference, 
i.e., of Wnj, is determined not only by the sign of popu- 
lation difference pnn — Pjj ; in particular the sign of Wnj 



can change with the change of fl^ 



[7-9] 



Equation (2 



makes it possible to analyze also spon- 
taneous emission. For this purpose it is merely neces- 
sary to drop the term pjj from (2.8) and replace |G^p 
by a quantity corresponding to the atomic interaction 
with zero oscillations of the ficld^^^l: 7„j(87r^)^^ Afi^AO. 
Equations for other tra nsiti ons are of the same type and 
can be obtained from (2.8) by a simple substitution of 
indices and signs. For example, Wmi is obtained from the 
substitutions m ^ n, j I, and CI' — s- —Q'. 



3. EMISSION AND ABSORPTION LINE SHAPE 
IN TRAVELING MONOCHROMATIC WAVE 
FIELD 

We analyze the role of nonequilibrium velocity distri- 
bution and nonlinear interference effects. We consider 
first two directions of fc^ in detail: along and against k. 
The value of Wnj averaged over v for these two directions 



2hiu. 



nj\G^\-—cxp 
kv 



x{Nn-Nj+{N„ 



iV„)i?e[F±(n^) 



(3.1) 



F±+f± 

. rn'(i- 



2G2 



k vT+ae 

/r,„)[r± + iz] + [1 ± x/rT^/2 



iro + iz][r± + iz] + G^ 

: =F nk^/k, To = Tjn + rgk^/k, 



r± 



- TBikf^/k ± 1), Fb = rVTT^. 



(3.2) 



(3.3) 

The signs -I- and - in (3.2) correspond to directed 
along and against k; f± and F± represent the interfer- 
ence term and a term due to the nonequilibrium addi tion 
to the velocity distribution, respectively. Equation (|3.2| ) 
is not applicable ii < k and • k < 0. Velocity 
averaging can be performed also in this case. However 
the obtained expression can be used to s ome extent in 
the analysis only if ae is small Then ( ^.2[ ) is valid if r_ 
is replaced by Tj^k^/k -I- (1 — kf^JkyVjn, G — and 
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se — everywhere (except for the common factor G^), 
and [1 + v'T+^]/2 is replaced by /c^/A:. 

A comparison of ( |3.2| ) with ( |2.8| ) shows that w„j has 
the same formal structure as the corresponding expres- 
sion for the fixed atom whose resonant frequency is con- 
verted with respect to the Bennet distribution maximum 
and which has the widths T± and Tq instead of Tjm and 
Tjn respectively. The physical meaning of To and T± is as 
follows. The perturbation theory distinguishes between 
step-wise and two-photon processes whose line shape is 
determined by the factors < [Tjn + i(r2p — • v)]~-^ > 
and < {r^m -t-z [(17^-1- il) — (k^-|-k) • v]}~^ >. In our case 
the averaging is carried out essentially with the Bennett 
distribution (since <C fc^w) and the result of the aver- 
aging is [To + iz]^^ and [T± + iz]^^^^^^ Consequently Tq 
is the line width of a step-wise transition that is the sum 
of the width Tskf^/k of the velocity distribution con- 
verted with respect lo Doppler shifts in the uinj region 
and the natural width Tjn of the n — j transition. Corre- 
spondingly T± is the line width of two-photon transition 
consisting of the natural part Tj„i and the Doppler part 
T B{ki^Jk± 1). Thus the physical meaning of the analogy 
between ( |3.2[ ) and the line shape of an "effective atom" 
is quite clear. The "effective atom" represents the group 
of atoms that interact with a strong field. The " effective 
atom" has the same system of terms as in Fig.|^ except 
that the widths are changed in accordance with the Ben- 
nett distribution and frequency-correlated properties of 
the step- wise and two-photon processes '^^l. 

Just as in the case of an individual atom, the step- 
wise and two-photon processes in the "effective atom" 
cannot be considered independently if G is sufficiently 
large'^^l. In fact the numerator in ( |3.2| ) contains and 
its expansion in terms of simple fractions 



(3.4) 



[To+iz][T±+iz\ + G'^ 
_ 1 

{z-i + iz)(z2 + iz) 



1 



21 - Z2 



1 



Z2 + iz z\ + iz 



21,2 = i/2{ro + T±± y'(ro - r±)2 - ag^} 

yields resonant numerators with zi , Z2 rather than with 
Fg, F-I-. Under certain conditions the radical in ( |3.2| ) can 
turn out to be imaginary, which would correspond to the 
splitting of the levels of an effective atom. 

Equation ( |3.2| ) shows that when 7mn = Tm the ef- 
fect of velocity distribution variation is completely elim- 
inated and only the NIE remains. The physical meaning 
of this is quite clear. The external field transfers some 
atoms from the upper level to the lower; at the same 
time however the relaxation transition is reduced by the 
same quantity since there are no other channels of decay 
from the upper level. On the other hand the polarization 
stimulated by the field at the transition mn does not turn 
to zero (see ( |2.8| ), expression for Tnm and NIE remains 
unchanged. The transition Sp^Pj ~ Ts^Si of mercury, 
A = 1.529, at which generation was observed^^l can serve 
as an example of a case in which the condition = F^ 
is valid. 




FIG. 2. Plots of the frequency dependence of the function 
f± {z — =p Q.kf_i/k) for real zi and Z2. The curves corre- 
spond to the following values: 1 — ^1/2:2 = 5; 2 — z\/z2 = 2.5; 
3 — 21/22 = 1. 

The interference effect. We examine t he in terfer ence 
term /±(il^) in greater detail. Based on ( |3.2[ ) and ( |3.5| ) 
we have 



k vT+l 



1 



1 



22 + iz 21 + iz 



(3.5) 



The line contour of Re[f±{Q,^)] has the simpl est shape 
when zi,2 are real. In this case it follows from (3.5) that 
the function Ref± changes sign in going from the center 
of the line to the wings. The sign of i?e/+ at the point 
2; = is determined by the factor 1 -I- Vl + se and de- 
pends therefore on the relative direction k^ and k. When 
kp • k > the value in the center is negative and in the 
opposite direction it is positive. When the values of the 
external field are small (a3 < 1) we have i?e/+ ~ ae^ and 
i?e/_ ~ ae. 
The function 

/±(^) 



G2 



k vT+1 



Ref±{z) 



is illustrated in Fig.|| for zi/z2 = 1; 2.5; 5. According to 
Fig. 1^ the graphs have an approximately similar shape 
(the positive maximum in the center and broad negative 
wings) for any values of zi/22. However the larger zi/z2 
the narrower and more intense the maximum. When 
Z2 <C zi its width is approximately equal to Z2 and its 
intensity in the center is proportional to Z2^ . This case 
seems to be the most interesting from the practical point 
of view. 

We consider the conditions for which the relation Z2 ^ 
Zi is valid. For the "interference" direction k^ • k < 0, in 
which the effect is sharper, the expressions for 2:1,2 can 
be represented in the form 



~k 



- 1 



±\/(rs- 



■4G2 



(3.6) 



According to this formula the absence of splitting and 
the considerable difference between zi and Z2, are due to 
the conditions 



> r, 



: fc, r^ae/G^ = (Trf > 1. 



(3.7) 



Here the radical in (3.6) can be expanded into a series: 



Zl 



Tin + r-^ivTTl 



(3.8) 



-n vT+^ + 
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We see from (3.8) that the minimum value of Z2 equals 
the line width of the forbidden transition V jm- In many 
cases we can expect that V j^a ^ ^jn. Consequently the 
emission spectrum at the transition j — n can contain a 
structure with a considerably smaller width than is typi- 
cal of the given transition. The value of Z2 increases with 
the field but much slower than zi when (A;^ — k)/k <ti 1. 
The amplitude of the interference term 



/-(O) 



fc^ 1 + v^TTac kf, 1 + v^TT^ 



G2 



^122 



ror_ 



-G2 



(3.9) 

as a function of is a curve with saturation where one 
half of the maximum value is reached approximately for 
= ToT-. Therefore the ratio C^/ToT- = can 
be interpreted as the saturation parameter of the effec- 
tive atom. If {k^ — k)/k <^ 1 and Tq 3> r„, the width 
Z2 ~ r^njl + ae_] is also determined by the quantity as-. 
We note that ae_ < le. In tact, according to ( |3.7| ) and 

& 



1 rv^m 



(3.10) 



' 'Jmn 



rj, >r 



J- m 

rr„ 

By virtue of the obvious inequalities 2r_ > ] 
and Tm + r„ — > r^, the right-hand side in ( 3.11 ) is 
larger than unity. Therefore as increases the popula- 
tion difference in the center of the Bennett distribution 
is equalized first since it is proportional to ae/(l -I- s). 
The amplitude of the interference term is determined by 
the ratio ae_/(l -I- ae_), retains its linear dependence up 
to large values of G^, and becomes saturated at ae_ ~ 1. 
At the same time the width of the central maximum in- 
creases, becoming twice as large at ae_ = 1 at the same 
value of the field. 

We now consider the behavior of the interference term 
when is parallel to k. We first show that zi and Z2 can- 
not differ significantly in this case. In fact, it follows from 
(3.5) that zi and Z2 differ sharply if Fq -I- r_|_« Fg — r_|_ 



or Fq -I- T^fn F_|_ — Fq. These conditi ons in turn are 
equivalent to the inequality systems (see (3^)) Tjm ^ F, 
^jm ^ r^n or Tjn ^ F, Fj„ 3> Tjm which can be read- 
ily shown to be invalid in spontaneous relaxation and in 
impact broadening of lines. Consequently the roots zi 
and Z2 are of the same order of magnitude in the direc- 
tion k^ • k > and the structure is relatively not sharp. 



According to (3.5) the amplitude /+(0) is 



/+(0) 



ac- 1 



G2 



(3.11) 



k v^TT^ ror+ + G2 

Comparing (|t|) and we see that |/+(0)| < /_(0), 
i.e., the amplitude of the structure in the direction 
k^ • k > is always smaller than for k^ • k < 0. 
So far we considered zi, Z2 to be real. Now let 

zo + iC,zo = {ro + r±)/2, 



Zl,2 

C = 



Ref±{z) 



/G2-(ro-r±)2/4, 



Vr- 



2 + C 



2C 



2g + {Z + C)2 ^2 + {z- C)2 



(3.12) 



(3.13) 



The general shape of the graph Ref± depends on the ra- 
tio C/^o, as is apparent from Fig.||. When (/zq is small 
the contours are qualitatively indistinguishable from the 
case of real, but similar, zi, Z2 (see curves 1 and 2 in 
Fig.^). It is of interest therefore to determine the max- 
imum possible values for the ratio C/zqS. We can show 
using ( 3.12| ) and ( |3.2| ) that under the most favorable con- 
ditions C < \/3zq. The curve in Fig.|| corresponding to 
^ = a/S-^o indicates the maximum effect of line splitting. 
The "fuzzy" splitting of the interference term has a phys- 
ical meaning: the increasing G^ is accompanied by a rise 
in the atomic level splitting occurring together, however, 
with an increase in the line widths of effective atom, Fq, 
and r+ d ue to the broadening of Bennett distribution 
(see ( ^.6|) ). Nevertheless we can observe level splitting 
even with a large Doppler broadening since the shape of 
curve 3 in Fig|3| is still significantly different from the 
others. 




FIG. 3. Plots of the frequency dependence of the function 
f± for complex zi and Z2 (zi,2 — zo ± The curves cor- 
respond to the following values: 1 — ^ = 0; 2 — <^ = zo; 
3 — C = VSzQ. 

f±(z) 







9 

7/ \ 








5 








1 


3^ 


-2 


-1 


1 


2 z/z 




FIG. 4. Plots of the frequency dependence of the function 
f± for real zi and z^. The curves correspond to the following 
values: 1 — 21/2:2 — 5; 2 — 21/02 = 2.5; 3 — 21/22 = 1. 

FIG. 5. Plots of the frequency dependence of the function 
f± for complex 21 and 22, C = The curves correspond to 
the following values: 1 — c — —1; 2 — c = 0; 3 — c — 1 

Nonequilibrium addition to th e v elocity distribution. 
We turn to the term F±{il.f^) in (3.2): 



k 



ZY - r± 22 - r± 



G2 



1 



r„Vr+ac 21 - 22 



21 -I- iz 



Z2 + iz 



(3.14) 



In the case of real 21,2 the sign of zi — F± and Z2 — F± is 
the same but depends on the sign of Fq — T±. If Fq > F± 
then Z1.2 — F± > 0; on the other hand, if Fq < T± then 
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^1,2 — r± < (see (3^)). According to Fig.^ of partic- 
ular interest is the case of strongly different zi and Z2 
when Re[F±{z)] has the form of a broad dispersive con- 
tour (the width zi) with a sharp notch (or spike) in the 
center (the width of Z2 zi). The conditions that allow 
for zi ^ Z2 were analyzed above. We note that Z2 <SC zi 



can be realized when • k < 0. 



If zi,2 are complex, Re[F±{Cln)] has the form 
Re[F±(n,)] = ( 

1 To - r± 1 



'Jmn 

r-jyi. 



1 



4 + + 



(3.15) 



■CP 



In contrast to ( 3.13 ) the possibility to observe splitting 
is determined now not only by the ratio C/^o but also by 
the magnitude and sign of the factor (Fq — r±)/(ro+r±). 
From ( [3.3| ) for Fq, T± we can see that — 1 < s = 
(Fo - F±)/(Fo + F±) < 1. Figure | shows plots of 



'Jmn 



G2 



zoTn^l + as 



ReF± 



for the limiting values of the factor s and for Fq — T±. 
According to Fig.^, a sharply defined splitting effect can 
occur even with — zq which is less than the possible 
limit of C < zqVS- Particularly significant is curve 3 in 
Fig.^ according to which the intensity is much lower in 
the center than in the side maxima. Using (3.16) we can 
obtain for C = zq, k^ • k < and kn, = k: 



RelF-iO] 



2 To 



- 2r_ 



(3.16) 



Consequently if Fj„ + F^ ^ ^jm, the ratio (3.16) is 



much smaller than unity. The condition Fp 3> F_ cor- 
responds to the value s — 1 and it can be satisfied for 
F\/l + ae>Fj„. 

Comparison of F±(i^^) and f±{flfj.)- It is clear from 
the preceding discussion that the frequency dependences 
of F± and f± are similar in general and in some cases 
one term can emphasize or, conversely, concentrate the 
effects contributed by the other. 

We now consider the properties of the sum F± and 
f± and determine the weight of each of the two terms. 
We begin with the case of real roots zi^2- In this case 
the curves Re[F±{z)] and Re[f±{z)] are of the same type 
throughout and we may limit the analysis to a s ingle 
point z — (maximimr or minimum). From (3.3) and 



(3.5) we find 



iJe[F±(0) + /±(0)] 



1 



k ziZ2\/l + ae 



7mn 



— (IT vrr^) 



(3.17) 



The first term in the brackets is associated with f± and 
the second with f±. The appearance of the factors 1/F„ 
and 1/F± is understandable: 1/F„ determines the time 
of interaction of an atom at the n level with the field. An 
analog of such an "accumulation time" for the interfer- 
ence term is the quantity 1/F±. 

In addition to the factor 1 — jmn/^m, whose role was 
discussed above, the relation between -F±(0) and /±(0) 
depends on the relaxation constants, field amplitude, di- 
rection of observation, and the ratio k^/k. To observe 



NIE even with 7,„„ <^ F„i the most convenient condi- 
tions obtain when fc^ = — /c and Tjm ^ F„; furthermore 
its role increases with the rise in field intensity. Con- 
versely when k and k^ are parallel we can expect an 
almost complete elimination of NIE because the inequal- 
ity F+ F„[-\/l -I- ae— 1]/2 can be assured by Tj^ ^ F„, 
F F„, ae ^ 1 and k^ > k. Therefore Re[F±] as well 
as Re[f±] can be predominant depending on the values 
of the numerous variable parameters. 

If 21^2 a re com plex the expression for Re[F± + f±\ dif- 
fers from (|3.1()|) only by the substitution of factor s 



ro-r± 



- r± To + r± 



'ymn 



[IT^TT^], (3.18) 



where the second term reflects the role of Re[f±]. We 
can show that the value of c varies between -|-1 and -1 
Therefore the total contour can be deformed within the 
same limits as i?e[F±] (see Fig.^). 

We now consider Wnj for the intermediate values of 
the angle 9 between k and k^. We denote the velocity 
component perpendicular to k by u: 



ku sin t 



id, n' = n- kv. 



(3.19) 



According to (|3.19| ) the averaging with respect to v leads 
as before to (p.3|), except that k^ must be replaced by 
k^ cosO (apart from the common factor in F± and f±) 
and by 17^ — fcusin^. The subsequent averaging with 
respect to u can be carried out although only its result 
is given here When the angles are small, 9 <C T^/kv, 
To/kv, there is practically no variation of Wnj. 

The same consideration applies to the angles Itt — 6*1 <C 
T^/kv, To/kv. When \9\ (or [tt — 9\) increases above 
the indicated values the spectral width of the functions 
F± , f± increases approximately as kv sin 9 and reaches 
the full Doppler width when 9 « 7r/2. Since the inte- 
grated intensity of the correction to Wnj due to strong 
field does not depend on 9, the amplitude of this cor- 
rection is kv/To times lower than in the above cases. 
All these phenomena are due to the fact that the strong 
field represents a plane monochromatic wave and causes 
changes in the distribution of only one velocity compo- 
nent Therefore the case of ^ = and the adjacent direc- 
tions of kfj_ is the most interesting one. 

Our analysis deals with the case where both fields rep- 
resent plane traveling waves. The experimenter may find 
it convenient to use a strong field within the resonator 
of a suitable gas laser^^'^^'^^l. The strong field then has 
the form of a standing wave and the pattern of events is 
somewhat different. When the departure from resonance 
in the strong field is greater than the width of Bennett 
distribution > Fq, F±), one can regard the two trav- 
eling waves as fully independent because they interact 
with different groups of atoms. Therefore the expression 



for W' 



nj now contains, instead of ^+(0^) 



/_(ri^), the sum of these terms 



(3.20) 



All the singularities of the terms with indices -I- or - are 
now at the distance ±Qk^/k from the line center (see 
definition of z in (3.3)) and they overlap. Thus all that 
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we said for the case of a strong field in the form of a trav- 
ehng wave remains valid for that of a standing wave. At 
the same time different frequencies should produce effects 
corresponding to "interference" and "non-interference" 
directions. 

On the other hand if the condition \n\ > T does not 
hold, the Bennett distributions stemming from two op- 
posed waves overlap and we have a different situation. 
We can say that the additive property of nonlinear ef- 
fects due to opposed waves appears a prio ri in the first 
approximation (with respect to G^), i.e., ( 3.2C ) is valid 
if is left in the expression for F± + f± only in the 
form of a common factor. The invariance of (3^) in suc- 
cessive approximations with respect to G^' is due to the 
fact that large fields generate a spatial inhomogeneity of 
the medium (with a period of A/2)[^^l. Consequently the 
atomic probability amplitudes are subject to a form of 
phase modulation and the atomic levels are split into a 
number of sublevels larger than the two sublevels typical 
of the traveling wave. The above modulation was Inves- 
tigated in [i^'i^l in the case of resonance fluorescence and 
it was found that the emission spectrum changed signif- 
icantly. 



4. GENERATION IN THE PRESENCE OF 
EXTERNAL FIELD 

In Sees. 2 and 3 the fields that resonated with tran- 
sitions n — j, g — n, etc., were considered weak (FigJ^). 
Experiments!^^! showed that generation at these transi- 
tions was a convenient method of studying NIE. There- 
fore we now consider generation at the g — n transition 
(since it was studied inl^^l) The unsaturated (with re- 
spect to G^) gain at the g — n transition changes in an 
external field G that is resonant with m — n (see Sec. 3). 
To compute the generation power at g — n we must know 
the saturation function of the g — n transition We can 
show that once the conditions 



,G2 



- N„\r^ « 17V,, - 7V„|, \N^ - 7V„|— « \Ng - iV„| 

(4.1) 

are satisfied, saturation at the g ^ n transition is the 
same as in the case of G = 0. Therefore the generation 
power is determined by the standard formula 

Fn + Fg - ^2 ^ r ANexp{nl/(k^v)2} + a 



r2 



r2 -I- f72 



(4.2) 



2 f 1 - Imn/T 

m 



^ 



^ 



rg + (n^ - fe^n/fc)2 
r+ 









1 






r-i-rg„ 








To 



r2 + [n^ + k^n/k)2 



(4.3) 



ro = rg 



-r,r4 



T'gm + (k^/k - l)r, 



where AiV is the threshold population difference for 
G = and il^ = 0. In the absence of the external field 



(4.2) determines the usual dependence of power on fi^ 
with the " Lamb dip" . The term a introduces an addi- 
tional spectral structure. 

We consider the case when the role of atomic collisions 
is small, so that F -|- Tgn — Tgm = r„. A "spike" or a 
"dip" (depending on the sign of — Nn) then appears 
at the frequency fl^ = —Qk^/k 



Nm-N„k^ |G|2 



N„ k r„,rn 



7mn 



^ 



rg + (n^ + A:^n/A:)2 ' 



(4.5) 

Another "spike" or "dip" 
(Fig.|). 



N„-Ng k r„ro 



To 



r+ rl + (n^ - k^n/ky 



'~imn 



^ 



(4.6) 



and |1 - k^/k\ < 1 then r+ < T and 



if r„ 

r+ < C Tg n (see (refe4.4)). Consequently we see from ( |4.5| ) 
and ( |4.6| ) that in this case the "spikes" /_ and /+ differ 
sharply from each other in width and height. The second 
term in (4.6) contributes significantly only to the wings 
of the /+, contour so that the width of this "spike" is 
much smaller than the natural width at the g — n transi- 
tion. When — the "spike" /_ vanishes and only 
the interference "spike" I^, remains with singularities in 
the wings (a "spike" in a "trough"). In the other limiting 
case of Fm » F„, F^; F+ « Fo both spikes have the same 
width and vanish when ^nml^m ^ 1- When = and 
F+ ^ Tgn, the above singularities occur in the fioor of 
the LamlD "dip" as shown schematically in Fig.^. 




F" -k 

FIG. 6. Frequency dependence of generation power 

Two generation peaks differing in width were observed 
in^^^l . A strong frequency dependence of generation in 
the region /+ can be utilized for effective output power 
stabilization of generation frequency. 

We consider the dependence of generating emission fre- 
quency on the natural resonator frequency The genera- 
tion frequency is determined by the requirement that the 
field phase shift in a double pass of the resonator be a 
multiple of 2tt. The value of the refraction index neces- 
sary to compute the phase can be found from 

no = 1 + 2-KNRe{rr,gd„g}{E^/4)-^ , 

where E^^ is intensity of the field resonating with the 
n — g transition. If |r2^| <C fc^^w the generation frequency 
is determined from the equation 



(4.4) n,. = UJr 



I AuJr ( 2 Ng - NnCl_ 



No - N„ 



AN 



ng 



2r2 

^J- ng 



t'^I ~AN 



AN kv 

Nn 



-m^)}, (4.7) 
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where ujr is the natural frequency of the resonator and 



7mn \ 1 



- -^n - 



2r2„ + n2; rg + (n^ - fc^Q/fc)2 



The first term in the curved brackets of (4.7) describes 
the known phenomenon of "pulhng" the generation fre- 
quency by the natural resonator frequency towards the 
center of the atomic line. The second describes a "re- 
pulsion" of the generation frequency from the transition 
frequency towards the resonator frequency proportional 
to the quantity {Ng — Nn)/AN — 1. On the curve of fi^ 
as a function of Qr (Fig-Q) the first effect corresponds 
to the deviation of the asymptote from the straight 
line LOr — ujgn — f2^ by an angle of the order of Awr/fc^w, 
and the second effect corresponds to the singularity of 
the order of ^/2Tgn near il^ = 0. 











k 










/ y 
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y 







FIG. 7. Generation frequency as a function of resonator 
frequency. 

We consider singularities occurring in the curve 
in the region of frequencies |r2^ ± < F+^o if 

r„g ^ <C fc^w. For a purely spo ntaneous relaxation 
and ^ r„j we obtain from (4.7) 



I 



Nn ku 



|G|2 



ATV k V„Tj, 



(4.8) 

The term proportional to Aur/kfj^v has been dropped. 
It appears from (4.8) that in the presence of an external 
field when f2p ~ dzilkf^/k the dependence of generation 
frequency on the natural resonator frequency increases 
when Nm — Nn > and decreases when Nm — iV„ < 0: 



AuJr I Nm- Nn k^ 

2V± ir AN k r„r+,o 



In the latter case this phenomenon can be used for pas- 
sive stabilization of the generation frequency. The lower 
the resonator Q the greater this effect. If 7„j„ ~ 
the singularity at fl^ = —Vtk^/k vanishes. At = 
all the singularities in 17^ as a function of fi^ appear 
only when ^ max{r„g, Fq, F+j. The dependence of 
51p on can be cumbersome in this case. However if 
F+ ^ F„g, Fq the most pronounced is only the contribu- 
tion from F_|_. 
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